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                \begin{document}$\tilde{g} \in[g]$\end{document}$, the conformal class of *g*, with which the manifold has prescribed curvature. In general, such conformal deformation can be interpreted by certain partial differential equations. See \[[@CR8], [@CR13], [@CR22], [@CR25], [@CR26]\] for more details.

In \[[@CR8]\], Guan studied the existence of a complete conformal metric *g̃* of negative Ricci curvature on *M* satisfying $$\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{Ric}_{\tilde{g}}$\end{document}$ is the Ricci tensor of *g̃*, and $\documentclass[12pt]{minimal}
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                \begin{document}$\tilde{g}^{-1} \mathrm {Ric}_{\tilde{g}}$\end{document}$. The transformation formula for the Ricci tensor under conformal deformation $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{n - 2} \mathrm{Ric}_{\tilde{g}} = \frac{1}{n - 2} \mathrm{Ric}_{g} - \nabla^{2} u - \biggl(\frac {\Delta u}{n - 2} + \vert \nabla u \vert ^{2} \biggr) g + du \otimes du, $$\end{document}$$ where ∇*u*, $\documentclass[12pt]{minimal}
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                \begin{document}$\nabla^{2} u$\end{document}$, and Δ*u* denote the gradient, Hessian, and Laplacian of *u* with respect to the metric *g*, respectively. When *f* is homogenous of degree one, it is easy to verify that equation ([1.1](#Equ1){ref-type=""}) is equivalent to the following form: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ f \biggl(\lambda \biggl(g^{-1} \biggl[ \nabla^{2} u + \frac{\Delta u}{n - 2} g + \vert \nabla u \vert ^{2} g - du \otimes du - \frac{\mathrm{Ric}_{g}}{n - 2} \biggr] \biggr) \biggr) = \frac{\psi(x)}{n - 2} e^{2u}. $$\end{document}$$

In this paper, we study the obstacle problem of equation ([1.2](#Equ2){ref-type=""}). More generally, let $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \max \bigl\{ u -h, - \bigl(f \bigl(\lambda\bigl(g^{-1} T [u]\bigr)\bigr) - \psi[u]\bigr) \bigr\} = 0 \quad\mbox{in } M $$\end{document}$$ with the Dirichlet boundary condition $$\documentclass[12pt]{minimal}
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Equations as ([1.1](#Equ1){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) are the Hessian equations, which were well studied by many authors such as \[[@CR2], [@CR7], [@CR9]--[@CR12], [@CR23], [@CR24]\]. Generally, $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mbox{$f$ is homogeneous of degree one}. $$\end{document}$$ We observe that by the concavity and homogeneity of *f*, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum f_{i} (\lambda) = f (\lambda) + \sum f_{i} (\lambda) (1 - \lambda _{i}) \geq f (1, \ldots, 1) > 0 \quad\mbox{in } \Gamma. $$\end{document}$$

Important classes of *f* are the elementary symmetric functions and their quotients, i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$n \times n$\end{document}$ symmetric matrices. It is shown in \[[@CR2]\] that ([1.5](#Equ5){ref-type=""}) implies *F* is an elliptic operator and ([1.6](#Equ6){ref-type=""}) ensures that *F* is concave.
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                \begin{document}$\lambda(g^{-1} T [u]) (x) \in\Gamma$\end{document}$, and we call it *admissible* in *M* when it is admissible at each *x* in *M*. In this paper, we prove the existence of an admissible viscosity solution of ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}) in $\documentclass[12pt]{minimal}
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Many authors have studied various obstacle problems. In \[[@CR6]\], Gerhardt considered a hypersurface bounded from below by an obstacle with prescribed mean curvature in $\documentclass[12pt]{minimal}
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Our main result is the following theorem.

Theorem 1.1 {#FPar1}
-----------
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Remark 1.2 {#FPar2}
----------

([1.10](#Equ10){ref-type=""}), as well as ([1.11](#Equ11){ref-type=""}), is used in Lemma [3.2](#FPar8){ref-type="sec"} to derive an upper bound for *u*. Assumption ([1.13](#Equ13){ref-type=""}) is just applied to derive a lower bound for *u* on *M* and $\documentclass[12pt]{minimal}
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Remark 1.3 {#FPar3}
----------

We can construct some subsolutions of ([1.2](#Equ2){ref-type=""}) satisfying ([1.13](#Equ13){ref-type=""}) as in \[[@CR15]\] following ideas from \[[@CR2]\] and \[[@CR7]\] since $$\documentclass[12pt]{minimal}
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Thus, our main work is focused on the a priori estimates for admissible solutions up to their second order derivatives. In Sect. [2](#Sec2){ref-type="sec"}, we achieve the estimates for second order derivatives. Finally, we end this paper with gradient and $\documentclass[12pt]{minimal}
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Estimates for second order derivatives {#Sec2}
======================================

In this section, we prove a priori estimates of second order derivatives for admissible solutions. From now on, we drop the subscript *ε* when there is no possible confusion.

Theorem 2.1 {#FPar4}
-----------
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Proof {#FPar5}
-----
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Combining ([2.1](#Equ20){ref-type=""}) and ([2.24](#Equ43){ref-type=""}), we therefore get the full estimates for second order derivatives.

Gradient estimates, maximum principle, and existence {#Sec3}
====================================================

For the gradient estimates, we have the following theorem.

Theorem 3.1 {#FPar6}
-----------
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Proof {#FPar7}
-----
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In order to prove ([1.19](#Equ19){ref-type=""}), it remains to bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sup_{M} |u| + \sup_{\partial M} |\nabla u|$\end{document}$. We quote two lemmas in \[[@CR8]\], the ingredients of whose proofs are the maximum principle.
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Now with the above two lemmas and the fact $\documentclass[12pt]{minimal}
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